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Abstract 

Through consistent Kaluza-Klein reduction, we construct 3D AA = 2 gauged supergrav¬ 
ities corresponding to twisted compactihcations of M5-branes on a product of constant 
curvature Riemann surfaces, including Kahler-Einstein four-manifolds. We extend the 
reduction to fermionic supersymmetry variations in order to determine the 3D Killing 
spinor equations and classify all timelike supersymmetric solutions. As a by-product, 
we identify an inhnite class of new supersymmetric warped AdS^ (Godel) and warped 
dSs solutions. Moreover, we show that the superpotential T encodes the central charge 
and R symmetry of the dual W = (0, 2) SCFTs in the large N limit. We demonstrate 
that the R symmetry matches the canonical U{1) isometry from existing classihcations 
of supersymmetric AdS^ solutions to IID supergravity with J\f = (0, 2) supersymmetry. 


1 Introduction 


3D gravity has no propagating degrees of freedom. Remarkably, despite being topological and 
admitting a Chern-Simons formulation nia. the theory is rich enough in AdS^ to have black 
hole solutions [3] . Moreover, a large class of higher-dimensional black holes possess near-horizons 
with AdSs factors and it is striking that the geometrical Bekenstein-Hawking entropy is encoded 
in the central charge of a 2D conformal field theory (CFT) [H [5]. In fact, a decade prior to the 
AdS/CFT conjecture [ 6 ], it was already established that the asymptotic symmetry group of AdS^ 
was generated by two copies of the Virasoro algebra [7]. Thus, gravity in AdS^ can be said to 
dehne a CFT. 

In special settings, for example, M5-branes wrapped on Calabi-Yau (CY 3 ) four-cycles, it is 
possible to go beyond the leading Bekenstein-Hawking entropy and compare one-loop corrections 
Pi- For AdS^ geometries with arbitrary higher-derivative terms, the central charge may be de¬ 
termined by extremising the on-shell action [10], thereby generalising the Brown-Henneaux result. 
A considerable advantage of this approach is that it does not assume supersymmetry. 

For supersymmetric AdS^ near-horizons, there is a recognisable redundancy in extremising the 
on-shell action. In fact, given sufficient knowledge of the effective 3D supergravity, one can simply 
extremise the superpotential T to localise the action on supersymmetric configurations. In fact, for 
holographic RG flows interpolating between AdS^ vacua, it is well-known miini that the inverse of 
T plays the role of the monotonically decreasing Zamolodchikov c-function [13] . Furthermore, for 
2D QFTs with J\f = (0, 2) supersymmetry, a setting where the U{1) R symmetry is ambiguous - it is 
free to mix with other U{1) flavour symmetries - there is a well-defined procedure, c-extremization 

[T5] 0 to determine the central charge and R symmetry at superconformal fixed-points exactly 
Q Since T shares the same components as the Maxwell Chern-Simons (CS) terms, which in turn 
are fixed by anomalies, T also knows about the R symmetry in the large N limit [2^ l24] . So 
for two-derivative supergravity, it makes sense to study T. It remains to be seen if a counterpart 
exists with higher-derivatives, one that would potentially provide a repackaging of a recent tour 
de force calculation involving 5D supergravity with four-derivative terms [26]. 

In this paper we continue a program [23], [2ll [25] of identifying 3D Af = 2 gauged supergravities 
[27] corresponding to wrapped-brane geometries. We recall that AdSs geometries - alternatively, 
the vacua of 3D gauged supergravities - based on wrapped-branes were initially constructed in 
lower-dimensional supergravity, e. g. [2S1123133133133], before beiM uplifted to higher dimensions 
using consistent Kaluza-Klein (KK) sphere reductions [M] 133 133] Q In this work, we consider 7D 
U{lY gauged supergravity [33, which we twist and KK reduce on a product of constant curvature 
genus 01 Riemann surfaces, x Sg 2 , and recast the 3D effective theory in the natural language 
of 3D gauged supergravity. While our work here does not exhaust the possibilities for M5-branes 
wrapped on four-cycles - we have omitted Kahler four-cycles in Hyper-Kahler manifolds and co- 
associative cycles in G 2 -holonomy manifolds - the ansatz is rich enough to include Kahler-Einstein 
(KE 4 ) compactifications as a special case and still allow for mixing of the R symmetry. 

Given the existence of the 3D theory, it is reasonable to enquire into its solutions, particu¬ 
larly the supersymmetric solutions where powerful techniques exist [33 fo find closed expressions. 
Similar studies have appeared recently for ungauged [1313111335 gauged [33 and massive gravity 
[331 133 3D. As we will show for our 3D gauged supergravity, supersymmetric spacetimes are 

^We now have both black hole [10] and CFT c-extremization. Settings can be found, e.g. black string solutions 
[TS] . where these procedures agree. 

2See [m Uni Ell [22] for related recent work. 

^Further Kaluza-Klein embeddings of the same theories include [37l [38] . 
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characterised by a 2D Riemann surface and differential equations for the warp factor, D, and the 
canonical scalars Wj. As it turns out, the superpotential T also determines all timelike supersym¬ 
metric solutions to the 3D gauged supergravity; the field strengths are given in terms of the scalars 
Wi and derivatives of the superpotential dwiT, while the supersymmetry equations are expressed 
in terms of T and dwjT. At no point does the explicit expression for T appear, suggesting that this 
is a universal result. Therefore, for any 3D AA = 2 gauged where the U{1) R symmetry is gauged, 
once one determines T, one can simply write down the equations for all timelike supersymmetric 
solutions 0. To the extent of our knowledge, no classification of the supersymmeric solutions of 7D 
gauged supergravity exists 0, in contrast to 5D supergravity |17]. It is expected that 

our results in section [3] will serve as a consistency check for any future classification. 

One interesting feature of the solutions we hnd is that, depending on where one is in parameter 
space, AdSs may not be the only supersymmetric critical point, i. e. solution with constant 
Wi- Indeed, the theory typically admits new flux-supported geometries, corresponding to warped 
AdS^ (Godel) [HI 09] and warped dS^, with characteristic closed timelike curves (CTCs). It is 
noteworthy that the warped and unwarped solutions appear at different values of the scalars, so 
that the one-to-one map between charges in AdS^ and warped AdS^ identified in (SO], providing 
the basis for two copies of the Virasoro algebra in warped AdS^, cannot apply, since the scalars 
are now dynamical. It would be interesting to extend the analysis of ref. [50] (also ref. [5T]) to 3D 
theories with scalar potentials to see whether the inverse of T, as suggested in [52], also encodes 
the central charge for warped AdS^ solutions. 

The structure of this paper is as follows. In section [2| we present the details of the twisted 
compactification from 7D supergravity and the rewriting of the bosonic action in terms of the 
canonical form for a 3D supergravity 1271, namely a non-linear sigma-model coupled to gravity. 
We identify the superpotential T for the theory and the four complex scalars filling out the Kahler 
target space, [S'f/(1, l)/f/(l)]"^, noting that this is, up to factors, the same target space that arises 
from KK reductions from IIB supergravity on both x Eg x KE 4 [23] and M-theory on 3“^ x CY 3 
[25] . In section [31 we present closed expressions for all timelike supersymmetric solutions to the 
3D supergravity through reduction of the supersymmetry variations from 7D [53] , thus mirroring 
the analysis of ref. [13]. We next employ standard Killing spinor bilinear techniques to derive 
the differential conditions on the spacetime. In section 0] we review c-extremization for M5-branes 
wrapped on a product of Riemann surfaces [15]. From the extremal value of T, we show that one 
can read off the central charge and R symmetry in the large N limit. Finally, in section [51 we uplift 
the supersymmetric AdS^ vacua to IID and show that it fits into a known class of supersymmetric 
solutions [53] . 

2 3D gauged supergravity 

In this section we identify the bosonic sector of the Abelian 3D AA = 2 gauged supergravity that 
arises when one truncates and consistently reduces 7D SO(5) gauged supergravity [53] on a product 
of Riemann surfaces. To support the claim that the effective 3D action is indeed a supergravity, we 
will demonstrate that the structure of the theory corresponds to the expected form of an A/" = 2 
gauged supergravity [2Z]. To do this, we rewrite the action as a non-linear sigma-model with a 
Kahler target space. Combining our reduction ansatz with those of refs. [551 [55], this provides an 
embedding of the 3D theory directly in IID supergravity. 

^See [33] for results on null solutions. 

®See |46) for a classification of minimal gauged supergravity in 7D. 
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We begin by recalling the bosonic sector of maximally supersymmetric SO{5) gauged supergrav¬ 
ity in 7D [53]; the theory comprises a metric, SO{5) Yang-Mills helds i, j = 1,... ,5, hve three- 
forms, S'*, transforming in the 5 of S'0(5) and 14 scalars parametrising the coset S'L(5, M)/S'0(5) 
through the unimodular symmetric matrix Tij. The bosonic action for this theory may be expressed 
as 


Cl = A r„‘Dr„ - a - iry * a 

+ A DS- - A F** A Fi«‘ -V*l + d-(2Si5[Al] - fialAll), 

where fl5[A4] and fl 3 [A] denote Chern-Simons forms for the gauge helds and we have dehned 


DT,, = + g-rA^’^T,^ + gA^’^T.k, 

D^* = d^ + A 

F*^' = dA^^ + gjA^^ A A’^^. (2.2) 

The potential is given by 

Y = I (2T,,T,, - {T,,Y) , (2.3) 

where gy is the gauge coupling. 

Given the full S'0(5) theory, we can perform a group-theoretic truncation to 7D F(l)^ gauged 
supergravity [55] (see also [57]) by retaining two scalars, A/S 


Tij = diag(e2^b (2.4) 

two gauge helds = 2F^, F^*^ = 2F^ and a three-form, = 2y/dgjC%, with all other helds set 
to zero. This leads to the simpler bosonic action [35] 


Fy — F * 1 — 5 * d(Ai -|- A 2 ) A d(Ai -I- A 2 ) — *d(Ai — A 2 ) A d(Ai — A 2 ) 

2 

- 2e-^^' * F* A F* - 6^2e-4Ai-4A2 AC + Qg7C AdC-V*l 

i=l 

- sVsC A F^ A F^ + — A F^ A F^ A F^ + A F^ A F^ A F^) , (2.5) 

97 

where we have dropped tildes on A^, since there is hopefully now no confusion regarding the origin 
of the truncated gauge helds. The potential also simplihes accordingly. 


Y — ^ ^_3g2Ai-|-2A2 _ ^g-2Ai-4A2 _ ^g-4Ai-2A2 _|_ g-8Ai-8A2^ ^2 0) 

^Taking into account the rescaling they may be written in our notation as [S3] 

n^A] = - IA^A0 A^)Ty{Fs,F^c)i 

n^A] = ^e^f^^^^^'^Ti(^A^Fp^FseFr,c-lA^ApA^Fs,Fr,c-lA^A0F^sA,Fr,c 

F ■^AaAjjA^AsA^F.jjQ ■^A(^Ai^A~^A^Af^AYiA(\. (2-1) 


’^This theory is a further truncation of the S'0(4) ~ SU{2) x SU{2) theory with topological mass [55] . 

®Note we are now using the scalings for the fields as they originally appeared in [53]. The gauge couplings are 
now simply related through = m. 
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To perform a reduction to 3D we now have options. Firstly, if we consider a reduction on the 
product of two genus Riemann surfaces, x Sgj, we could hrstly reduce on one Riemann 
surface, thus making contact with the results of ref. [59l |26] in 5D. However, experience suggests 
[23] that the reduction is suitably simple that it can be performed at the level of the action, so 
we opt to plough ahead and focus on the 3D theory. We have independently checked that the 
reduction may be performed at the level of the equations of motion (EOMs), so it is by dehnition 
consistent. Furthermore, by choosing the curvatures of the Riemann surfaces to be the same, one 
can replace Sg^ x with a more general 4D Kahler-Einstein manifold, KE 4 . Therefore, our 
analysis is expected to cover dimensional reduction on KE 4 , simply through further truncation. 
This will be evident when we come to compare with the results in c-extremization [15] in a later 
section. 

To perform the reduction on Sg^ x Sgj, we employ the spacetime ansatz 

d4 = (2.7) 


where A/, / = 3,4 are scalar warp-factors for Riemann surfaces with constant curvature Ki^ i = 1,2 
and is the 3D metric in Einstein frame. The warp factors conspire to bring us to Einstein frame 
upon reduction. We also adopt an accompanying ansatz for the fluxes 

F' = iG‘-^vol(E„)-^vol(E„), 

F" = jG"-jVol(E„)-^vol(E„), 

G = ■^\/^£;,^jdi;'"''' + iciAvol(E„) + ic2Avol(E„). (2.8) 

This introduces additional gauge helds, B^, with held strengths = dB^, and one-forms c/, 
which will be rewritten as held strengths later so that they conform to the canonical structure of 
3D gauged supergravity The normalisation of the constant twist parameters, ai,bi has been 
chosen to facilitate direct comparison with na and the factor p is hxed by the equation of motion 
for C to be 

p = —^{aih2 + (2.9) 

8 v 85^7 

Performing the reduction either at the level of the action or the EOMs, we arrive at the 3D 
action; 


£3 = R*3l-Y^ 


1=1 


5 *3 d(A2/-i + A2/) A d(A27-i + A2/) + *3d(A27-i — A27) A d(A2/-i — X21) 


2 2 

|(?2e-4(Ai+A2) ^ g-4A2+, cjACi- le^(^3+A4) ^ g-4A, A - 1/3 *3 1 + Ccs, 


1=1 


1=1 


where the 3D potential is now 


= 1^2g-4(A3+A4) 


2 

1 

-e 


_gg 2 Ai-|- 2 A 2 _ 2 Ai—4A2 _ 4 Ai—2A2 _j_ g—SAi—8A2 


-8A3-4A4 G 2 „- 4 Ai 


+ -e 


-4A3-8A4 G 2 „- 4 Ai 


{ale-^^^+ble-^^^) 


- + K 2 e -^^^) + ^(0162 + 

oZg^ 


4 








and the CS term becomes 


£cs = ■;— [6162-8^ A + (0162 + a2&i)-B^ A + 0102-8^ A G^ 

45-7 

3 

+ (a2&i + cii&2)-8^ a G^] + —g 7 {ci A dc2 + C2 A dci) 
x/S 

+ \ci A {h2G^ + a2G^) + C 2 A ipiG^ + oiG^)] . (2.10) 

To recast the action in the accustomed form of a non-linear sigma-model coupled to supergrav¬ 
ity, we normalise and diagonalise the scalar kinetic terms through the redehnitions: 


Wi — — 2 (Ai — A3 — A4), IT2 — ~2(A2 — A3 — A4), 

IT3 = 2 (Ai -|- A2 + A4), IT4 = 2 (Ai -|- A2 + A3). (2.11) 


With these redehntions, the potential may be written as 

4 

V^ = -^T^ + ^Y,{dw,T)\ 

/=! 

where we have introduced the superpotential T: 

4 165'7 

_ 1 (aie-"'’-"'* + . 


( 2 . 12 ) 


( 2 . 13 ) 


It can be checked that T recovers the correct potential provided the curvature of the Riemann 
surfaces is related to the twist parameters through the following supersymmetry condition 

Ki =-^■{ai + hi). (2.14) 

From fl 2 . 12 p it is clear that the critical points of V 3 correspond to dwjT = 0. As we show in the 
appendix, the same expression for T also appears in the dimensional reduction of the fermionic 
supersymmetry conditions from 7D, thus providing further conhrmation that we have reduced the 
theory correctly. Using the results in the appendix, it is easy to show that solving the Killing 
spinor equation to hnd AdS^ vacua is equivalent to extremising the superpotential. 

The condition fl2.14l) guarantees that the lower-dimensional theory is indeed a gauged super¬ 
gravity, one with M = 2 supersymmetry. Choosing = 2, which leads to the canonical normali¬ 
sation for AdS 7 X so that the radius of the original AdS^ vacuum is unity, (I2.14p corresponds 
with the supersymmetry conditions presented in [T5] . 

To back up our claim that the theory corresponds to an A/” = 2 gauged supergravity, we need 
to demonstrate that there is a Kahler scalar manifold. To show this is indeed the case, we record 
the following equations of motion that follow from the 3D action 


dci 

dc 2 


Qje *3 C2 — /- —(&iG^-|-oiG^), 

2 V 3(77 

g^e *3 Cl — —;=— ihAG^ -|- a2G^), 
2 V 3(77 


(2.15) 

(2.16) 
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(2.17) 


d *3 G^) 


Vs 


Vs 


( 6 idc 2 + b2dci 
1 


+ 7:- [6162^^ + (0.1^2 + ) 

^97 


(aidc 2 + a 2 dci) 


+ —— + (0162 + a2^i)G^j . 

^97 


(2.18) 


An observation that we can make at this point is that one cannot truncate out c/ without setting 
= 0 for generic twists, in which case one recovers the ansatz of [TH]. So, if we plan on retaining 
, then we are forced to also incorporate cj. We now introduce scalars Yj through the following 
covariant derivatives 


;2^l *3 G^ = DKi 

= dhi -|- —( 62 A^ -f- 6 iA^) -f- -— VV 2 + o,2bi)B^, 

2 

(2.19) 

q 2 ^ jyY2 

= dY2 F 7 r( 0 ' 2 A^ -|- OiA^) -|- -—(ni &2 + o,2bi)B^, 

2 4^7 

( 2 . 20 ) 

— VSg7C2 = 01^3 

= dK} -|- -{b2B^ + 02 !?^) — S'tA^, 

( 2 . 21 ) 

—VSg^Cl = DIA 

= dW -|- -{biB^ + ciiB'^) — (? 7 A^. 

(2.22) 


This ensures that (I2.15l) - (l2.18p are trivially satished. It is worth recording that the derivative 
fl2.15l) and fl2.16p imply that * C 2 = dA, where A is an arbitrary one-form. The precise 

relationship can be hxed by comparing with fl 2 . 2 ip and fl 2 . 22 p . resulting in 


g-2W4 


*3 Cl 



g-2W3 


*3 C2 



where = dA^. 

Once the scalars Yj are introduced, we can rewrite the kinetic terms as 


(2.23) 


-^scalar ^ E [*3dld"/ A dWi + *3 DT} a BYi] . (2.24) 

1=1 

The CS terms consistent with fl2.19p - fl2.22p are 

-^cs = S'tA^ a F‘^ — -—(0162 + 02^i)-S^ A 

d97 

- ^A^ A (620^ + 02^2)-^A^ A (feiG^ + aiG^). ( 2 . 25 ) 


We are free to then introduce complex coordinates zi = + iYj so that the Kahler potential for 

the manifold is 

4 

K = - Y,^og[^Vi)], (2.26) 

7=1 

thus demonstrating that the Kahler manifold is [S'17(l, 1)/17(1)]'^. This conhrms that the bosonic 
action is consistent with J\f = 2 gauged supergravity [27] . 
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Extrema of T correspond to supersymmetric AdS^ vacua. In our notation, these may be 
expressed explicitly as 




4 (0162 + 0 , 2^1 ~ 0 , 102 ) 97 
a\h\ + a\h\ + aia2&i62 ’ 
2 {alh2 + 02 &D 97 
a\h\ + 0^62 + oia2&i&2’ 


g-m 2 _ 4 (0162 + 02^1 — ^1^2) 5^7 

+ 0^62 + oia 2 &i 62 

g-VK4 _ 2 (al&i + 01 ^ 2 ) 97 

a^bi + 0^62 + oia2&i62 


(2.27) 


Using the redehnitions Zi = at — bi, (12.lip with g-f = 2, it can be checked that these agree with 
the critical points of [I5] once a flip in the sign of the scalars Ai and A 2 is taken into account. We 
recall that these vacua were originally found by solving the Killing spinor equations [15], whereas 
here we have simply identihed and extremised the superpotential of the effective 3D theory. We 
stress that the above expressions for supersymmetric AdS^ critical points hold for generic a,, 6 * 
with J\f = (0, 2 ) supersymmetry. Special points in parameter space exist where supersymmetry 
is enhanced to Af = (0,4) supersymmetry!^, where oi = 02 = 0 or 61 = 62 = 0, however it can 
be verihed from the superpotential that no extremum exists for these values. Similarly, when 
oi = fei = 0, or 02 = ^2 = 0, there is no flux to support an AdS^ vacuum and as a consequence 
there is no solution. 

There is one special case with an AdS^ vacuum and enhanced supersymmetry, which may be 
found by setting oi = 62 = 0, or 02 = = 0. Here supersymmetry is enhanced to Af = ( 2 , 2 ), 
a feature that can be seen from flA.25D . since we need only impose two projection conditions, 
7 i 2 r^^e = e, 734 r^^e = e, resulting in eight supersymmetries. Extremising the potential, we note 
that 

w., = w., = ,og (^) . 1^3 = log (^). l>'4 = log(K). (2.28) 

where we have assumed 02 and 61 are non-zero. Indeed, for Wj G M, we further infer that 02 > 0 
and bi > 0, which implies through (I2.14p . with positive 517 , that in order to preserve supersymmetry 
we must consider compactihcation on a product of hyperbolic spaces. 

Setting 517 = 2 , one can quickly identify the compactihcations leading to real AdS^ vacua. One 
notes that solutions only exist for x Eg, or put differently, one of the Riemann surfaces should 
be hyperbolic. Choosing ki = —1 and K 2 G {0, ±1}, we note the following constraints on the 
parameters: 


X 

X 

X 


1 2 
{02 >0, ai < -} U {02 < 0, ai > 


{02 > 0 , 


02 


> Oi > 


al 


3(Z2 “ 1 “ 1 2(22 “ 1 “ 1 

’[ 3 (( 2 i -|- ( 22 ) — 6 ( 2]^(22 — 1 ^ \ OjI Oj 2 — ^ 1 }: 


} U {02 < -1, 


202 + 1 
3o2 + 2 


< Oi < 


aj 1 
202 + 1 

(2.29) 


where we have eliminated bi through fl2.14l) . We have checked that these agree with the parameter 
constraints given in [T5] . Identifying 01 = 02 = o, = 62 = b, one can show similarly that twisted 
compactihcations on KE 4 only lead to real AdS^ vacua when k = — (o -t- &) < 0, so the space is 
negatively curved. 

We have also checked that our results at leading order are consistent with the 5D analysis 
presented in [26], where subleading corrections to the geometry are considered. More precisely, 

®This corresponds to setting either = 0 or = 0 in 7D notation, so we only need to impose half the 
projection conditions given in (IA.25I) . 
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one can check that corresponds to the lone 5D hyperscalar, which appears upon reduction 
from 7D, and that the scalars in the three vector multiplets are 


jyl _ g—|A 4 + 2 Ai _ g—IA4+2A2 _ g|A 4 — 2 Ai—2A2 


In terms of the remaining Wi, we have 

kli 


g-M^i = 




020-3 


A 2 

O1O3 


g-iy4^ 


^3 

O 1 O 2 


(2.30) 


(2.31) 


where Ai = {g 5 / 2 ){—aiPi + O 2 P 2 + O 3 P 3 ) is expressed in terms of the 5D gauge coupling, g^, the 
5D twist parameters Oj and the moment maps [26] : 

g,P, = 2m-^e-^\ g.P^ = 2m - g^P^ = me-^\ (2.32) 


with 7D gauge coupling m. Similar expressions can be found for A 2 , A^. To make the notation of 
ref. [26] consistent with our notation, one should employ the following redehnitions: 


Oi bi 

oi —, 02 —, Pi —)■ 02, P2 —t 02, 

03 —)■ -— (0162 + 02 ^ 1 ), m —)■ g^. (2.33) 

4m 

One can also check that one of the conditions arising from the vanishing of the 5D hyperino 
variation 

kfXi = 0 (2.34) 

where kf denote Killing vector parameters associated to a quaternionic submanifold of the hy- 
perkahler manifold corresponding to the hypermultiplets, is recast in 3D into the condition that 
the 3D superpotential is independent of the hyperscalar dw^T = 0. 

With an eye on the analysis in section 01 we record the value of T at the extremum, 

_ (20162 + 20261 — 01 O 2 — 6162 ) g^ , , 

0^62 + o|6f + 01O26162 


This in turn sets the AdS^ radius, i, through i = 1/(2T), as can be seen from the scalar potential. 


2.1 Further Truncations 

It is clear from the earlier analysis that one can further consistently truncate our theory. For 
example, for the choice of parameters 01 = 02 = 0 and 61 = 62 = 6 , which implies ki = ^ 2 , one may 
consider the simplification IF 3 = IT 4 , A^ = A'^ and this gauged supergravity with [^[/(l, 1)/17(1)]^ 
Kahler target space contains information about reductions on KE4. More precisely, in addition to 
the complex scalars Zi,Z 2 , which are unaffected, we retain Z 3 = PiVs and the Kahler potential 
for the target becomes 


K = - log[3fJ(2:i)] - log[3fJ(2;2)] - 2 log[5R(2;3)]. (2.36) 

and the scalar potential may be expressed as 

= -8T^ + 8[(div,Tf + (div,Tf + ^(diVsT)% 


V 3 


(2.37) 






where the superpotential is now 

T = 3_ ^ + he-^A . (2.38) 

4 V ^ 4 ^ j \ / 

Solving dwjT = 0, / = 1,2,3, one recovers the supersymmetric AdS^, values fl2.27p with the 
constrained parameters, as expected. It is a simple exercise to consider further truncations to 
[5't/(l, 1)/17(1)]^ target manifolds by identifying Wi = hh 2 , etc. 


3 All Timelike solutions 


In this section, noting that the 3D gauged supergravity in section [2] is structurally the same as 
the U{1)^ theory presented in [43], we derive the general solution to all timelike supersymmetric 
solutions. In both cases, the respective 3D gauged supergravities possess Kahler target space 
[SU{l,l)/U{l)]"',n G {3,4}, so it may be anticipated that supersymmetric geometries are the 
same. We remark that it is straightorward to generalise our results to arbitary n G N in analogy 
with known 5D classihcations m- While our interest here is gauged supergravity with scalar 
potentials, we also note that ungauged super gravities in 3D were classihed in [iQl 02101] . 

Following ref. [03] , supersymmetric timelike solutions for the 3D gauged supergravity presented 
in section [ 2 ] take the form 

dsg = —{di.T + pY + e^^~^{dx\ + (lxl), 

[-^dwjT e^^-^dxi A dxa + (dr + p) A dWj] , 
pi = e^^-^dx, A dxa + (dr + p) A dW^+a] , / = 1, 2, (3.39) 

where repeated I indices in are not summed, {xi,X2) parametrise a Riemann surface, p is 

a one-form connection on the Riemann surface satisfying 

dp = 4Te^'°“^da;i A da; 2 , (3.40) 


D is the breathing mode for the Riemann surface and K is the Kahler potential fl2.26p . We 
observe that the expression for the held strengths ensures that the algebraic 3D Killing spinor 
equations presented in the appendix flA.28p are satished. When the gauge helds are zero we have full 
supersymmetry, so it is hopefully clear that non-zero held strengths imply the projection condition 
7 ^^^ = thus breaking supersymmetry by one-half, leaving generically two supersymmetries. 

To see that the one-form connection must satisfy fl3.40p . as in [43], we can introduce the vector 
spinor bilinear and make use of the Killing spinor equation flA.29p . 




% V—^ 

^7a + X 




bc/^i 

^bc 


- 1 - gWi+ 2 ^^ 


be 


fL) 


2=1 


^ = 0 , 


(3.41) 


to determine that dP° = 4T * 3 P^. Farther dehning the complex vector bilinear {P^+iP‘^)a = 
we can use the same technique to hnd the diherential condition: 


e-5^d 




(P^ + ip2) 


= 97{e-^^+e-^A*3{P" + tP^) 
+ igr{B^ + B^)A{P^ + iP^). 


(3.42) 
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In this equation we note that the LHS does not depend on the tinielike Killing direction, while the 
RHS does. As a result, since generically have electric components, for consistency we require 
that takes the form 

B^ = {dr + p) + B^, / = 1,2, (3.43) 

where B^ is a one-form depending only on the coordinates of the Riemann surface, xi,X 2 - Fur¬ 
thermore, with this choice for gauge potential, B^ is now consistent with the held strength 
fl3.39p . From the same equation, we can determine the equation for the warp factor D. We note 
that the form of the metric in (I3.39p is consistent with the choice + iP^ = e^“ 2 ^(da;i -f- idx 2 )- 
Inserting this expression for the complex vector into the above differential condition, we hnd that 
qy {B^ + = * 2 dD. Taking a further derivative, we hnd a second order equation: 

2 

= 4 c/7 ^ {e-^^dwjT + e-^^T) (3.44) 

7=1 


which is exactly the same as in the U{1)^ theory [43], modulo a diherent expression for the su¬ 
perpotential T and an overall factor of the coupling gj. This is in line with our expectations. At 
hxed Wj, this equation is nothing more than the Liouville equation where /C is 

the Gaussian curvature of the Riemann surface. As discussed further in [1311S2I, at extrema of the 
superpotential, the Gaussian curvature is related to the AdS^ radius, i and the extremal value of 
T in the following fashion. 


oK 


/C 


ext 


= f = 


4T2 


ext* 


(3.45) 


To extract supersymmetry conditions for the scalars we can use the expressions for the held 
strengths (13.391) in the hux EOMs: 


^-Wi 




= 16 




'WjT dy^TjWjT 


Tdw,T 


2D-K 


(3.46) 


We clearly note the presence of the supersymmetric critical point, where dwjT = 0, where Wi 
becomes constant. It is interesting that the explicit expression for the superpotential does not 
appear, so this is presumably a general result for all 3D gauged supergravities with target space 
[^f/(l,l)/f/(l)]", n e N. 

One can show that these conditions along with fl3.39p imply the scalar EOMs and the Einstein 
equations. As explicitly shown in [43] , the Einstein equation along the temporal direction is trivially 
satished, whereas the Einstein equation along the Riemann surface reduces to the equation 


[ 16 T 2 - S{dwjTf] 


_ 1 = 0 . 

2 ^ 

1=1 


(3.47) 


Using (I3.44P and (I3.46p one can show that this equation is satished, thus providing us with a 
valuable consistency check. 


3.1 Warped geometries 

We now have closed expressions for all timelike supersymmetric solutions to the 3D gauged su¬ 
pergravity that arise through a compactihcation from 7D on a product of Riemann surfaces or a 
Kahler-Einstein four-manifold. As we have shown, the task of Ending new solutions reduces to 
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solving (13.44^ and (13.46^ . In this subsection, we will focus on the simplest class of solutions with 
constant Wj and leave more involved, potentially numeric solutions, to future work. This will lead 
to new solutions and, as a further consistency check, the recovery of supersymmetric AdS^ vacua 
highlighted in section [2j 

Our strategy is then to consider hxed-points where dWi = 0. As a consequence, the RHS of 
(13.461) must vanish. In contrast to the simpler gauged supergravity of wrapped D3-brane geometries 
[43] . here it is difficult to hnd analytic expressions for the scalars in terms of our parameters, Oj, 6*. 
As a result, we adopt different means; we impose the quantisation condition fl5.8l) from the outset, 
thereby imposing a grid of discrete solutions, before sampling various points. Throughout, we use 
the coupling = 2. 

We recall that when IT/ is constant, (13.441) reduces to the Liouville equation, = —/Ce^^ 
on the Riemann surface. A simple single-centered solution takes the form 


|C|+Cr2’ 


leading to the 3D solution 


ds^ = 


V ^ (1-I-sgn(/C)r2) ^ (1-I-sgn(/C)r2)2 


(3.48) 


(3.49) 


where 


64T2 

e2^|/C|2’ 



(3.50) 


When (.1 = (.2 and /C < 0, we recover unwarped AdS^ 0. 

When JC < 0, the Riemann surface is hyperbolic, whereas for /C > 0, we encounter a sphere. 
This can be easily seen by employing the coordinate transformations, r = tanh(p/2), and r = 
tan(6'/2), respectively. As a consequence, we see that for /C < 0, we have 0 < r < 1, whereas for 
/C > 0, the radial direction is simply bounded below by zero, 0 < r. Regardless of the sign of the 
Gaussian curvature, we recognise that CTCs appear where the signature of the term in the 
metric changes sign from positive to negative. The geometry is therefore CTC-free in the range 


^2 

r < (3.51) 

For unwarped AdS^ this range coincides with the range of r, so there are no CTCs. To see that 
uplifting the warped vacua will make no difference to the presence of CTCs, we remark that when 
CK = 0 in the uplifted geometry fl5.3p . A" makes no contribution and the problem reduces to 
analysing the presence of CTCs in the 3D metric, which we have done above. It should be clear 
that 3D CTCs will persist in IID. 

Our hndings mirror the results for 3D gauged supergravities based on wrapped D3-brane ge¬ 
ometries presented in |13]. For parameters in the allowed ranges where good AdS^ vacua exist, we 
either recover the unwarped AdS^ vacuum, or in addition we hnd extra hxed-points. Solutions for 
sample points in parameter space are given in Table 1. For these new hxed-points, the geometry 

is well-known that the BTZ black hole [3] is a quotient of AdSs. While locally BTZ possesses as many super- 
symmetries as AdSs, globally the number of supersymmetries depends on the mass, M, and angular momentum, 
J. For extremal black holes, J = Mi, one supersymmetry is preserved, for M = 0 two, and M = —1 (AdSs) four 

mi¬ 


ll 

















(oi, 02) 

(01,02) 


/C 

h/ii 

(0. 1) 

(n + 1,1) 

(0.0625, 0.0313, 0.2500, 0.2500) 

-1.1250 

1 

(0.25, 1) 

(2n + l,l) 

(0.1094, 0.0219, 0.2188, 0.1094) 

-0.6891 

1 



(0.0046, 0.0044, 0.2310, 0.0326) 

0.0743 

0.1575 

(-0.5, 1) 

(n + 1, 1) 

(0.0813, 0.0580, 0.4063, 0.8125) 

-5.4321 

1 



(0.1182, 0.0251, 0.1748, 0.0285) 

-0.4781 

0.3285 

(0.1) 

(n + 1, 0) 

(0.0625, 0.0208, 0.2500, 0.2500) 

-1.3333 

1 

(0, 0.2) 

(5n + l, 0) 

(0.1500, 0.0150, 0.2143, 0.0750) 

-0.7779 

1 



(0.00067, 0.0027, 0.2490, 0.0325) 

0.0735 

0.0657 

(0.5, 0.5) 

{n + l,n + 1) 

(0.0469, 0.0469, 0.1875, 0.1875) 

-0.5625 

1 



(0.0078, 0.0078, 0.1875, 0.0313) 

0.0625 

0.2041 



(0.0078, 0.0078, 0.0313, 0.1875) 

0.0625 

0.2041 

(1.0) 

{n + 1, n + 1) 

(0.0625, 0.0625, 0.2500, 0.2500) 

-1 

1 



(0.0680, 0.0680, 0.1946, 0.1946) 

-0.7608 

0.9711 


Table 1: Critical points for given parameters a* and Riemann surface genera with n G Z. /C 
denotes the Gaussian curvature of the Riemann surface and -^2/^1 the degree to which the radius of 
the Riemann surface is squashed relative to the timelike direction. Expressions have been rounded 
to four decimal places, but can be found numerically to greater accuracy. Dots separate points 
corresponding to reductions on x T^, x 3“^ and x respectively. The hnal entry 
corresponds to a point where supersymmetry of the AdS^ vacuum is enhanced to M = (2, 2). 


is supported by fluxes and the timelike direction is stretched, ii > i .2 leading to CTCs. For all 
points in parameter space we have studied, we hnd that li does not change, whereas £2 decreases 
as we warp the geometry. Depending on the Gaussian curvature of the Riemann surface, the new 
solutions are either R x (/C < 0), which we know as Godel solutions [IHl SH], or R x (/C > 0), 
which may be referred to as warped de Sitter [6T] . 

To hnd these new warped solutions, we have solved (13.461) for Rj, i. e. given (01,02) four 
equations for four unknowns. One can also attempt to hnd points where /C = 0, where the 
spacetime would be topologically, R x T^, but in all the points we have studied, we have found no 
real solutions. This mirrors the wrapped D3-brane case [13], where such an outcome was shown 
not to arise. 

However, in contrast to our expectations based on the analysis of ref. [13], for points in 
parameter space where the AdS^, supersymmetry is enhanced to N = (2, 2), for example (oi, 02) G 
{(0,1), (1,0)}, (gi >0,92 > 0), we hnd new hxed-points. This is hopefully evident from the last 
two entries of Table 1. 

4 Supergravity dual of c-extremization 

In this section we review the results of c-extremization mils], a procedure to identify the exact 
R symmetry and central charge of a 2D theory with M = (0,2) supersymmetry. We recall that 
N = (0,2) SGFTs, like their M = 1 counterparts in 4D, possess a 17(1) R symmetry, which is 
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associated with the right-movers in 2D. If there are additional Abelian flavour symmetries in the 
theory, it is well-known that there is an ambiguity in the R symmetry, since it is free to mix with 
other symmetries. The achievement of ref. [mils] is that the exact super conformal R symmetry 
is uniquely determined by extremising the trial c-function. 


CiJtrial(i/) = 3 ^ ^ ^ ) (4-1) 

where denotes the coefficient in the two-point function of the right-moving R current and k^"^ 
are the coefficients of the ffavour current two-point functions. Note that since c^triai is quadratic, 
it has a unique extremisation, leading to a procedure called c-extremization. 

One setting where c-extremization plays a role is in the dimensional reduction of the 6D J\f = 
(2, 0) theory associated to M5-branes on a product of Riemann surfaces, x to 2D, where it 
serves to identify the exact R symmetry and central charge. We here sketch the calculation, while 
referring the reader to ref. [15] for further details. 

The 6D J\f = (2, 0) theory has an S'0(5) R symmetry, so to preserve supersymmetry in the re¬ 
duction, one twists the theory by turning on background gauge helds coupled to the S'0(2)^ Cartan 
subgroup of SO{5). In the compactihcation, the trial R symmetry becomes a linear combination 
of the generators of 5'0(2)^, Ta,b 

= (1 + ^)Ta + (1 ~ e)Te, e G M, (4-2) 


normalised so that a complex supercharge has R charge one. To determine the trial central charge 
(14.ip . in the absence of a weakly-coupled Lagrangian formulation for 6D M = (2,0) theories, one 
can exploit the M5-brane anomaly polynomial [9] |62l [63] 


T - 

^““48 


pj(]V)-P2(T) + i(pi(r)-p,(]V))2 




(4.3) 


where N and T are the normal and tangent bundles, pi is the Pontryagin class 0, and tq and 
he are the rank and Coxeter number, respectively. For the A^-i theory, one has tq = N — l^dc = 
— 1 and he = N. Integrating the eight-form anomaly polynomial /§ over x Sg^, one 
compares with the anomaly polynomial of a 2D theory to determine trial. 


t t :^\2 ^R ~ 


= ^ci(F)" - 

6 ^ ^ 24 


PiiT), 


(4.5) 


where Ci denotes the hrst Chern class. Extremising c/jtriai to determine e, one plugs the expression 
back into cb to determine the exact left and right central charges [15] 


Cl = 


cr = 


hih 2 da^G^ + ‘^dahcrci^zlzl - 8K1K2Z1Z2 + + 3 r^ZiZ 2 (D -22 - ‘2kiK2) 

4 dGhG{KlK 2 - 8 Z 1 Z 2 ) - 8 rGZiZ 2 

V 1 V 2 d%hyP + 2dGhGrG{8zlzl - 8 K 1 K 2 Z 1 Z 2 + ^1^1) + ^rQKiK 2 ZiZ 2 
4 dGhG{KlK 2 - 8 Z 1 Z 2 ) - 8 rGZiZ 2 


(4.6) 
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For a vector bundle E over a differentiable manifold, M, 




P2=g(^) {ti-F^AtTF^-2ti:F^), 


(4.4) 


where F denotes the curvature two-form, i. e. the background 50(5)^; field strength. 
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where we have dehned 


V = “izlzl + tz\zl + k\zI — SK 1 K 2 Z 1 Z 2 + ^k\k\. 


To make sense of the above expressions for cl^r-, we need to additionally dehne 




1) 0i 1) 

2|0 i-l|, 0 i 7 ^ 1 - 


(4.7) 


(4.8) 


The exact R symmetry is 


Tr = Ta + Tb + 


dGhG{KiZ2 + K 2 Z 1 ) 
dGhG(KlK2 - SZ 1 Z 2 ) - 3rG^1^2 


{Ta-Tb). 


(4.9) 


At the two-derivative level in snpergravity, the goal is to recover the large N limit of the exact 
central charge and R symmetry. To this degree of approximation, the central charge fl4.6p and R 
symmetry fl4.9p become: 


Cl - Cij ~ 2r]ir]2N- 


alb^ + a\h\ + aia 2 hib 2 


Tr ~ 


201^2 + 2a2^i 
2(0162 + 0261 - 0102) 
20162 -|- 20261 — 01O2 — 6162 


01O2 — 6162 

2(0162 -|- O261 — 6162) 
20162 -|- 20261 — 01O2 — 6162 


Ta + 


-T, 


s, 


(4.10) 

(4.11) 


where we have rewritten expressions nsing Zi = ai — bi and the snpersymmetry condition (I2.14p with 
gi = 2. We remark that the snbleading terms for the central charges, cl, cr, i.e. snppressed 
terms, have recently been matched at the fonr-derivative level |26j . 

Here we will show that the snperpotential T captnres all information at the two-derivative 
level. We emphasise that this agreement does not stop at jnst the central charge and R symmetry, 
bnt the extremisation of T, which prodnces snpersymmetric AdS^ vacna, is the direct snpergravity 
analogne of the trial central charge in held theory that one extremises to hnd the exact resnlt. 

It is now timely to recast onr snpergravity action in terms of the canonical expressions for a 3D 
Af = 2 ganged snpergravity [27] . To do so, we recall some salient details; hrstly, the snperpotential 
is qnadratic in the moment maps associated to ganged isometries 


T = 2V‘e,jV-', 


(4.12) 


which is fnrther given in terms of the embedding tensor 0/j. Secondly, it is the embedding tensor 
that determines the CS term 0; 

= -^^0/jd^‘^. (4.13) 

Writing the gange helds, , / = 1,..., 4 in the order B^, and respectively, thns making 
connection with the gange helds of section [2] we can read oh the components of the embedding 
tensor 


012 

©34 


— -—(0162 -l- 0261), 

45-7 


97, 


©13 — “2^^’ 
©23 = 


©14 — 
©24 = 


^^Here we just focus on the Abelian case. 


(4.14) 


14 












This then determines T once we identify the associated moment maps: 



(4.15) 


To fully specify T, we should introduce = 1, which is associated to a central extension of 
the isometry group that generates the SO{2) R symmetry. The additional components of the 
embedding tensor are 0/o = 

It should be clear from the above analysis that the inverse of the superpotential T may be 
regarded as the trial c-function in the vicinity of the super conformal fixed-point. Not only is it 
extremised at the AdSs vacuum, but it is also quadratic in moment maps, mirroring the trial 
c-function fl4.ip . Moreover, as we have just seen, since £ ~ we have from the Brown-Henneaux 
formula [7], c = |^, that the central charge c is inversely proportional to T. In fact, it is known 
that the role of T is more general; it is the natural (super)gravity analogue of the Zamolodchikov 
c-function [13] for holographic RG flows interpolating between AdS^ vacua [l2]. It has recently 
been noted isa that it also decreases in flows from AdS^ to Godel jlH] fixed-points. 

To make comparison, we need to fix the constant of proportionality, an exercise that is most 
easily performed by borrowing the conventions of of [28] and comparing to the Brown-Henneaux 
formula. Doing so, we recover the result of [15] 0, 


c 


^{cl + Cr) 




Si IQV1V2 3 

2G% - T ’ 


(4.16) 


which agrees with fl4.10p when = 2. Note, this result holds for the A^f theory. To get the result 
for the theory, we can simply consider the Z2 orbifold of flat spacetime with M5-branes at the 
origin. As a result, we have c^^ ~ ~ 4c^^. 

We can also extract the R symmetry from 3D supergravity in the large N limit. To do so, we 
recall that the R symmetry evaluated at the AdS^ fixed-point is given by the linear combination 

mE 

2V^ 

R = —Q,, (4.17) 

where Qi denotes the charges corresponding to the U{1) currents. From the higher-dimensional 
supergravity perspective, the R symmetry is a linear combination of the two gauged U{1) isometries 
with gauge fields i. e. of the gauged 50(2)^ Cartan of the maximally supersymmetric 7D 
theory. As can be seen from fl2.19l) and fl2.20p . these gauge fields are dualised into U{1) isometries 
in our scalar manifold, Yj, which enjoy a shift symmetry Yj Yj + aj, where aj denote constants. 
We can thus extract the R symmetry from the moment maps / = 1,2 associated to 

the gauging of these isometries. The result is 


2Vi _ 2(0162 + 0261 — 0102) 2V2 _ 2(0162 -|- 0261 — 6162) 

T (20162 -|- 20261 — 01O2 — 6162)5'? T (20162 -|- 20261 — 01O2 — 6162)57 

We note that this agrees perfectly with (14.1111 when 57 = 2 and one takes into account the factor 
of one-half in (12.8p between and since the moment map associated to is 

the conventions of [28], the IID Newton’s constant is = IdFip, the AdSr radius is taken to be one, 
RAdSj = 2{ttN)^£p = 1. As a direct consequence of the choice of radius, the gauge coupling of the SO(5) gauged 
supergravity becomes m = 2 and = (37r^/16)A^“^. 

^'^See [53] for the 5D analogue. 
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As mentioned earlier, by tuning the parameters oi = 02 = a, 61 = 62 = b, and consequently, 
Ki = K 2 = K, it is now easy to determine the corresponding central charge and R symmetry for 
M5-branes wrapped on a KE4 manifold. With gj = 2, we immediately see from extremising T that 
K < 0, so that the four-manifold is negatively curved. Once again, we normalise so that k = —1 . 
The central charge and R symmetry then follow from (I4.16jl and (I4.17jl 


3vol(KE4)iV3 
Aab — a? — ’ 

^ 2(26-g) 2 ( 2 a -b) 

^ ~ 4a6-a2-62 ^ + 4^5 _ ^2 _ 52 b 


(4.19) 


and are simply a rehnement of previous expressions, once one takes account of the fact that 
hih2 = 4^ vol(Si X S2) = ^ vo 1 (KE 4 ) and a -|- 6 = 1. As expected, both of these agree with the 
exact central charge and R symmetry in the large N limit [T5] . 


5 IID uplift of AdS^ vacua 

As demonstrated in section [2l any solution to our 3D A/" = 2 gauged supergravity may be viewed as 
a solution to IID supergravity [55l[56]. In this section, we focus on the uplifts of supersymmetric 
AdS'i vacua corresponding to the extrema of the superpotential, which we will write in canonical 
form as a U{1) hbration over a 6D S'f/(3)-structure manifold [SI |65l l66] . 

To perform the uplift, it is easiest to make use of the results of ref. Ea. which are already 
tailored to the f/(l)^ truncation of the 7D theory. In the process, we adopt the following parametri- 
sation for the (constrained) scalars, 

hs P0i p2a—l p2a PqCOS^q,, (5.1) 

where a = 1, 2 and (j)a are 27r-periodic. We observe that since the /Xj are constrained so that 
YAi=idi = 1) we necessarily have YAPa = 1; so that pa = 0,1,2 now parametrise an S"^. More 
concretely, we can choose. 


Po = cosa, Pi = sin a cos/9, p2 = sin«sin/3. 


(5.2) 


In terms of the coordinates a, f3 parametrising the the uplifted IID metric for AdS^ vacua may 
be expressed as 


ds?! = AJ [e“‘<*"+-'‘>ds’(/ldS3)+e“»ds^(E„) + e“Ms=(E„)] 


(5.3) 


\ 2 


A 


g4Ai+4A2_^^2 ^ g-2(Ai+A2)j^j3^2 ^ gj^2 ^ ^g-2Ai ^^^2 ^^^^2 g-2A2 ^-^^2 


where gj = 2 , the warp factor is now A = e cos^ a + sin^ ckA, and we have further dehned 

D0q = d0Q,-|-4A“, ck = 1,2, 

X = e^^Wos^/^ + e^^^sin^/?, 

^g2Ai _ 

D/5 = sin ad/d -|- -—- - cos a cos A sin /3da. (5.4) 
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The four-form flux may be expressed as 
G4 = sin^ a cos/3 sin/9D(/)iD02daD/5 


A 


-1 


2 

A-i 


F^D(/)i sina!Cos^/3e^^^-^da — e cosasinacos/3sin/3D/3 

y(. 


f^d<P2 


sinasin^/Se^'^^—da-|-e cosasinacos/3sin/3D/3 

JC 


+ ®2^i) [2cosavol(SgJ vol(Sg2) — sin8(A3+A4) vol(A(iS'3)da] , (5.5) 

where we have omitted obvious wedge products to save space and dehned 
U = cos^ a _ 2e-2Ai-4A2 _ 2e-2A2-4Ai^ 


sin^ a cos^ 


(3 


sin^ a sin^ 


/3 . (5.6) 


Imposing the Bianchi identity dG 
constraints: 

4 

dG = -F^ 
9 


4 = 0 leads, in the notation of the earlier section, to the 
AF^+ 2\/3c/e"^^i"^^2 *7G = 0. (5.7) 


One observes that these constraints are indeed satished for AdS^ vacua, when the expressions for 
the held strengths F^ and three-form potential (12.8p . (12.Op are inserted Pi. 

Having uplifted the geometry, we can now comment on how the twist parameters a*, bi should 
be quantised, so that the geometry is well-dehned. Demanding that the gauge held is a connection 
on a bona hde G(l) hbration, we require that the periods of the hrst Chern class be integer valued. 
This leads to the conditions 


1 



97 O'iis — 1) € Z, 



97 biid — 1) G Z, 


(5.8) 


where g 7^ 1 is the genus of the Riemann surface. Eg, over which we integrate. When one com- 
pactihes on a torus, 0 = 1, this condition simply reads ai,bi G Z. As such, we recognise the need 
to quantise the parameters so that the internal geometry is well-dehned. This requirement places 
stringent constraints on reductions on spheres and tori, however in the case of compactihcations on 
hyperbolic spaces, one is free to quotient the Riemann surface without breaking supersymmetry, 
thus increasing the genus. 

We can now use the result of the previous section, namely (14.171) . to rewrite (15.3p in the 
canonical form in order to distinguish the R symmetry U{1)r from the global symmetry U{1)g- 
From (14.171) . we see that the R symmetry vector, K, is 

—Wi —W2 

K = + ^^<902 = (5.9) 

where are vectors associated to the U{1) isometries. Furthermore, we have rewritten T in terms 
of the AdSs radius, T = l/{2i) and Wj in terms of A/ (12.lip . Using the IID metric (15.3p . one can 
determine the dual one-form 

Cl 2 ^ 

^ ^ /5D02) • (5.10) 

2e2('^3+A4)/\3 

^®The contribution to G 4 due to C was omitted in m, so the Bianchi identity will not be satisfied. 
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Normalising K to unit norm, we can rewrite the metric in the (/)j-directions in the following fashion; 


ds2 = ^ (e cos^ (5 + e 

sin^ a 


sm 




(cos^/3D0i + sin^/3D02)^ + cos^/5sin^/9 '^^D02)^ • (5-11) 

4AtX L J 

We note that the hrst term on the RHS is simply the one-form corresponding to the R symmetry, 
while the remaining term is the U{\)g symmetry. 

We are free to change coordinates as follows: 

d(/)i = -f d'02), d02 = e^^^(d'0i - d'02), (5-12) 


where we observe for AdS^ solutions that \i are simply constant. As a result of this redehnition, 
the IID metric fl5.3p becomes 

ds?i = [e-^^^^+^^'>ds\AdS3) + e2^Ms2(EgJ + 


+ 

+ 


A-i |^e^Ai+A2) ^ ^ g-2(Ai+A,) ^ j 3^2 


sin^ a 


(e2Aicos2/3-e2A2sin2/3)^ , 
A ( DV>i + ^-^DV^2 


^2 (AiH-A2 ) 

+ —— sin^(2/3)Di/iJ 


(5.13) 


which is the canonical form for U{l)ji x U{1)g, where is the R symmetry vector and ^^e 
global symmetry vector and we have dehned 

DV'i = d'lpi + DV'2 = dV'2 + - 2e-^^^A\ (5.14) 


It is straightforward to recast the four-form flux, G4, in the new coordinates rjji and we omit the 
expression. 

At this stage we could contemplate performing a dimensional reduction on the U{1)g isometry, 
however this would lead to a singular geometry where the dilaton $ blows at a = 0. One could 
further choose one of the Riemann surfaces to be a torus and perform a T-duality without breaking 
supersymmetry, but the singularity will persist 0, so it is better to consider the IID geometries, 
which are regular. 

As a consistency check on the uplifted geometry fl5.3p and the identihcation of the R symmetry 
in IID, we should compare with existing classihcations. To the extent of our knowledge, the 
most general existing classihcations of supersymmetric AdS^ solutions of IID supergravity, with 
N = (0, 2) dual SCFTs, can be found in ref. [65] and ref. [5l|. Since [65] considers purely magnetic 
hux conhgurations, we focus on the [5l]- R has already been checked that a number of known 
solutions to 7D supergravity [29l |30] fall into these classihcations. Supersymmetric geometries in 
this general class take the form [5l] 


dsn = 


Xw? 


ds^AdSs) + 


A3 


4 sin^ 9 


dp ® dp 


+ e^ + ds‘^{J\fe), 


F4 = — VolAdSa Ad[p - A 3/2 cos 9] 




A3/2 


-I- ^ (cos6*-|-*8)(d[A 3/2 sin 0 J A e^] — 2mA V A J)-|-2mA3/^ J A A p, (5.15) 


sin2 9 


^®In the the process of twisting and compactifying the Killing spinor become independent of the Riemann surfaces. 
One can then infer from ref. [68] that supersymmetry will be preserved in the T-duality. 
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where A/e admits an SU (3) structure, which along with A, 9, is independent of AdS^ coordinates 
and we have dehned p = A/(2m sin 6^)dp. In terms of the SU{3) structure forms, J and 12, the 
supersymmetry conditions may be expressed as jH] 0, 


pAd{\-^JAJ) 

Jjde^ 

3 

d(A“2 sin 6* Im 12) 


0 , 

2mA 5 


(2 — sin^ 9) — cos 9p^d log 


sin 9 

2mA“^ (e^ A Re 12 — cos 9p A Im 12) 




cos 9 


sm^9 


(5.16) 

(5.17) 

(5.18) 


The combination A“^/^cos0 just depends on the coordinate p, /(p) = A“^/^cos0, and setting 
/(p) = p, we recover purely magnetic solutions and the results of ref. [65] . 

To make comparison, we note that the metric and electric flux take the same form provided 


p = £-le2(Ai+A2)-4(A3+A4) J ^ g-2(Ai+A2)-6(A3+A4) ^^g 


(5.19) 


Furthermore, we have checked that 


J 

12 


sm a 

A 
1 


Tos^ /SD01 + sin^ /3D02), 


i voKE,,) + voKEJ] + A m 

j-Ai-A2+A3+A4^gl ^-3 ^ 


8 A-3 


sinCKsin2/3, r, 

-- e^^iD02) + zVAD/? 

2 \X 


(5.20) 


where h* denote appropriately chosen one-forms on the Riemann surfaces, satisfy the above su¬ 
persymmetry conditions through a number of non-trivial cancellations. Just highlighting one 
particular case, we observe that the simplest condition (I5.16j) implies the following constraint on 
the scalars 

e^i(aie^3 J- Oac^^) = + b2e^^) + - e^=). (5.21) 

We emphasise that it is not immediately obvious that this condition is satished, since this equation 
is an artifact of the IID description. However, it can be checked using (12.111) that this condition 
is satished for all ai,bi. This agreement provides yet another consistency check on the results of 
ref. [5l] and also allows us to conhrm that the R symmetry from the 3D perspective agrees with 
the canonical R symmetry from IID supergravity, in line with our expectations. 

Finding that the supersymmetry conditions are satished for all twistings a*, 6* is not entirely 
unexpected. The reason being that the classihcation of ref. [51|, although it assumes a wrapped 
M5-brane ansatz from the outset, recovers a known classihcation of all minimally supersymmetric 
AdSs solutions in IID supergravity [69|. Since classihcations with diherent supersymmetry are 
simply related via an identihcation of G structures - in this case two orthogonal G2-structures 
dehne the S't/(3)-structure - it may be expected that fl5.15p is sufficiently general to cover the 
uplifted IID geometries. @ 

^’^Here AjB = for p-forms A and B. 

^®Recently, AdSs solutions with Af = (0,2) supersymmetry [2Ql[^ have been generated via SU{2) non-Abelian 
T-duality [72] (also [68]). It would also be interesting to confirm that these fit into the above classification. It was 
reported recently that another non-Abelian T-dual AdSs geometry with Af = (0,4) supersymmetry [^ fell outside 
of one of these classes. 
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Finally, one last comment. While we have focused on IID uplifts in this section, recently it has 
been shown d how minimal gauged supergravity [75] in 7D may be embedded in massive IIA 
supergravity. Since minimal gauged supergravity has SU{2) valued gauge helds, this necessitates 
that one truncates the theory to f/(l), leaving a single gauge held and scalar in 7D. As a 

result, only solutions based on Kahler-Einstein compactihcations from section [2l where ai = 02, 
&i = 62, can be embedded this way. 

6 Discussion 

If there is a take-home message from our work, it should be the observation that, for the class 
of 3D gauged supergravities arising from wrapped M5-branes, the superpotential T contains a 
wealth of information. Extremising it, we get the AdS^ vacua, and the Brown-Henneaux central 
charge is, modulo a coefficient, simply the inverse of T. Indeed, the extremisation process through 
which one arrives at AdS^ vacua deftly encapsulates the c-extremization procedure from 2D CFTs 
[H US]. To add weight to this statement, one should recall that the R symmetry in the large 
N limit is given in terms of the moment maps, which appear in T quadratically contracted with 
the CS coefficients (embedding tensor). We have checked that the R symmetry agrees with the 
canonical U{1) R symmetry from known classihcations. Moreover, as we have seen in section [3l T 
dictates all the supersymmetric solutions in the theory and as expressions are presented implicitly 
in terms of T, the analysis should hold for all timelike supersymmetric solutions to 3D M = 2 
gauged supergravity, once the explicit superpotential is determined. 

Although we have not touched upon it in this work, T also gives a concrete prediction for the 
central charge at the warped AdS^ hxed-point. This claim is based on the assumption that we can 
use the same coefficient that reproduces the Brown-Henneaux result for AdS^, vacua. It would be 
interesting to see if the same result may be recovered from the asymptotic symmetry algebra by 
generalising the analysis of ref. [5T] to theories with scalar potentials. 

Unfortunately, all comments above are restricted to the two-derivative level and it would be 
interesting if one could hnd a higher-derivative analogue of the superpotential in 3D that also 
encodes the corrections. From a 5D perspective [26], we already know the corrected AdS^ su¬ 
persymmetric geometries, and that the CFT result may be recovered at subleading order using 
c-extremization of Kraus-Larsen [10] , while the difference between cl and cr, which is not evident 
at the two-derivative level, can be read off from the gravitational CS terms in 3D [76]. It would be 
nice to streamline this process using supersymmetry, if possible. By either dimensional reduction 
of 5D off-shell supergravity, or working directly with known supersymmetric invariants in 3D, for 
example m, one should be able to identify the analogue of T with four-derivatives in order to see 
to what extent corrected solutions may be found via an extremisation process. As a warm-up, it 
should be interesting to match the R symmetry at subleading order to reconcile the prescription 
in the literature [TS] with the analysis of ref. [26], which already agrees with the expected CFT 
central charges. 

It is a common feature that the 3D gauged supergravities, which we have found via dimensional 
reduction, all have non-compact target spaces. In principle, 3D Af = 2 gauged supergravity also 
allows for compact target spaces, such as CP^ [72] and more generally CP"^ [SU]. Identifying an 
embedding for these theories would help elucidate properties of the dual Af = (0, 2) SCFT and 
allow one to study RG flows from both the perspective of held theory and supergravity. We hope 
to explore this in future work. 
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A Reduction of supersymmetry variations 


In this appendix, we reduce the supersymmetry variations of the f/(l)^ truncation of 7D 50(5) 
gauged supergravity on a product of Riemann surfaces. A similar reduction on a single Riemann 
surface from 5D U{1)^ gauged supergravity appeared in [13]. In 7D the supersymmetry variations 
read [53] : 


= 


SXi = 


V io • •P*-’ -0 —T'y - —('y ''f’ - Sh'^W'lP- nhllLF 


AB 

up 




upa 


lp,y7'‘U + 1 (Ty - l4jr)F + L(ryr. - 


k Tjl ipAB 
p.u 


97 


+ ^7"^"(r/-457)(n-^)f5A 


L p.up 


(A.22) 


where e denotes the 7D supersymmetry variation, T = S^^Tij, and we have further dehned 

U\ = diag(e-^^e-^^e-^^e-^^e2^l+2^=), 

= (n-')y«/9„ + 2!h7i„/)ny4y 

~ ~ Ppij = (A.23) 

The corresponding expression for Tij appears in the text fl2.4p . 

To perform the reduction, we decompose the 7D supersymmetry variation and gamma matrices 
as 


e = i ® r]i ® 7]2., 

7“ = (8) cr^ O (J^, 

= l(8 )a™{8)a^ 

(A.24) 

where now a = 0,1, 2, m = 1, 2 and O is a 3D scalar, yet to be determined. We impose the 
projection conditions 

7346 = 7566 = -P^^e = -P^^e = ie, (A.25) 

where 7* are tangent space gamma matrices and P* denote 50(5) gamma matrices. Note we also 
take 70123456 = 1 and = 1, so this implies 7°^^e = e. With four projection conditions, we are 

generically left with two supersymmetries. 
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Performing the reduction using the ansatz in the text, one hnds the following algebraic condi¬ 
tions: 


2r'<5xi = 




+ 2 W 2 + W^ + WA + — 
10 5 


20 


20 10 


e, 


2r^5X3 = e 


— „2(A3+A4) 


-^^(2PPi - 3hP2 + W 3 + W 4 ) + ^ {3e-^^ - 2e-'^i - 
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+ A - 2a,e-^^-^^ - 2a2e-^^-^^) , 

20 
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(A.26) 


W4, 


20(?7 


(0162 + a 2 hi)e 


e, 


^^(hPi + 1^2 + 3 hP 3 - 2IP4) + (2e-^i + 2e-^^ + 


20 


OiC 


-W2-W4 


+ he 


-W1-W4 


- 4026 


-W 2 -W 3 


- 4626 


-W 1 -W 3 


) 




e. 


In deriving these expressions, we have made use of 02.141) and the inverse relations: 


Ai = ^(- 3 IPi + 2 iy 2 + H ^3 + W/ 4 ), A2 = ^( 2 IPi- 3 IP 2 + hh 3 + IP 4 ), 
A3 = ^(iyi + IP2-2hP3 + 31 P 4 ), A4= ^(IPl + IP2 + 31 P 3 - 2 hP 4 ). 


(A.27) 


We observe that the 5x5 supersymmetry variation offers nothing, since consistency demands that 
r*Xi = 0 ^ r*5xi = 0- Taking various linear combinations, one hnds the 3D algebraic supersym- 
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metry variations: 


^^_C-2A3-2A4(rl^^^ + = 

Ae-c-^^^-^^\THx 2 + + 7'’<5^5) = 

4e-^-2A3-2A4(_ri^^^ - r^yg + 755 ^ 5 ) = 

4e-^-2A3-2A4(_ri^^^ - r^yg + 735^^3) = 


+ -AdwJ 

$W2+"-e^^0^ -Adw,T 
- Adw.T 
$W^ + - AdwJ 


r] 2 , 

7 i ® 72, 

^071 <8 72 , 

^ (8) 7i 0 r] 2 , (A.28) 


where we have decomposed the spinor and dualised c/ using fl2.23p . Following a procedure outlined 
in [l3], we can also extract the following 


e + 2Xah^ Si’s605)] 

r ■ ^ 

= V, + Tp,+ '-J2 (e"''00 + e"''«p77o) 

^ 2=1 

where we have dehned Va = Va — + B0a and C = — (Ag + A4). 


i®ili®7]2, 


(A.29) 
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